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~ ABSTRACT 


We use the equation ane = - APA AS as the basis for our 
models of charged and neutral particles. A class of time dependent 
solutions of this equation is constructed using the fact that it is 
invariant under the special conformal group. We then investigate 
time dependent solutions of apne = - AP(A AS ds b*) where b is a 
parameter with the dimensions of inverse length which breaks the con- 
formal invariance in the original system. Our results lead us to study 
a more sophisticated method of breaking the conformal symmetry based 
on the ansatz Ay = A, * is where A is a coherent excitation immersed 


in a randomly fluctuating field Aa We introduce a scalar field 


f = A‘Ate » where the bar represents a statistical average over the 
random fluctuations, that is considered as an observable in addition 

to Ay: We break the conformal invariance by using a particular expansion 
of As f, and their derivatives. Various models of charged and neutral 
particles based on the nature of this expansion are studied. We show 
that it is possible to obtain some equations with a discrete set of 
charged solutions, all of them having the same charge (positive or 
negative) with a positive definite rest mass. A discrete set of neutral 
solutions which have a positive definite rest mass and the Yukawa 
asymptotic form are obtained (essentially) by setting » = 0 in the 
charged equations. Other neutral solutions are shown to exist but 


they necessarily have a degenerate mass spectrum. 
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CHAPTER 1 
INTRODUCTION 


The problem of infinite self energies and singular potentials 
inherent in Maxwell's point charge theory of electrodynamics has led 
physicists for many years to search for charged particle models which 
are free from these difficulties. Most of these models are plagued 
with mathematical problems or inconsistencies with experimental obser- 
vations, and the quantization of Maxwell's equation has not satisfac- 
torily resolved the problem of infinities. Hence, the distinct possi- 
bility that we need a more complete classical theory of charged and 
neutral particles still remains. Dirac (1951) strongly believed this 
to be the case, and stated: "the troubles of the present quantum electro- 
dynamics should be ascribed primarily, in my opinion, not to a fault in 
the general principles of quantization, but to our working from a wrong 
classical theory. To make progress one should therefore re-examine the 
classical theory of electrons and try to improve on it." 

There are two different approaches that have been used to obtain 
a new theory of electrodynamics. The oldest and most familiar is the 
dualistic point of view. Here, the particles are the sources of the 
field, and are acted upon by the field, but are not part of it. The 
sources in the field equations must be completely specified before the 
field can be calculated. 

The other approach is known as the unitary viewpoint, whereby the 
matter is constructed from a field. Particles appear as solutions to the 
equations governing the field which are finite everywhere, and exhibit an 


asymptotic form which is in accord with experimental observations. 
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Hence, the name "particle-like solutions". In what follows we have 
adopted this philosophy in our attempt to construct a new classical theory 
of charged and neutral particles. 


We start with the equation 
COs ae Bn IAG 
herd OF = -A AJA 


and use it as the basis for our models. The fact that it is not invariant 
under gauge transformations does not appear to lead to difficulties. What 
is more interesting is that [1.1] is the only equation with the current 
constructed entirely in terms of the fields Ave that is invariant under 
the special conformal group. Since this is the largest continuous group 
of coordinate transformations in Minkowski space under which Maxwell's 
equations are invariant, it is reasonable to single out the equation which 
departs from Maxwell's theory but retains the same symmetries under co- 
ordinate transformations. As conformally invariant systems, however, have 
some undesirable properties, such as a continuous mass spectrum, (dis- 
cussed in Chapter 3) this symmetry must therefore be broken so that we 
can obtain physically meaningful systems with non-zero rest masses. We 
achieve this goal by introducing a random background field into the classical 
field theory based on [1.1]. | 

The use of fluctuating background fields have proved to be fruitful 
in extending the realm of classical field theories. Nelson (1966) has 
shown that nonrelativistic classical mechanics on which is superimposed a 
Brownian motion with diffusion coefficient me is fully equivalent to non- 
relativistic quantum theory. Boyer (1968, 1975) has been able to describe 
many well known phenomena by the introduction of "random electrodynamics", 


which is now briefly described. 
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In the Coulomb gauge, veA = 0, Maxwell's equations can be 


written as 

cian 
Live] Vo = - 4to 
[1.3] OA = -4r J 


which have the general solutions 


> & OULi at Se 
[1.4] ine | ttt dx 


[1.5] A(r,t) = Aj(t.t) + | JP t')G(F tet", t")d*x' 
where G is the familiar Green's function and A, is a solution to the 
homogeneous vector wave equation. Traditionally, G is taken to be the 
retarded Green's function, and A, is put to zero. These criteria require 
all radiation to come from somewhere at a finite time. The universe in 
the infinite past, as described by this model, would contain matter but 
not radiation. Boyer abandoned the boundary condition of K, = 0 and 
introduced the notion of a random radiation associated with A: Since 
the existence of this radiation was a fundamental hypothesis in his 
theory he reasoned that the random radiation "should possess the funda- 
mental aspects of what is presently regarded as empty space"; it should 
be isotropic and homogeneous as no direction or position in Space is pre- 
ferred, and Lorentz invariant because no inertial frame is preferred. 

He found that the requirement of Lorentz invariance implied a 
random radiation spectrum for A, which was unique up to a multiplicative 
constant, which he denoted by as in order to obtain a zero point energy 
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of 5 fu per normal mode. Ash>0O, A, vanishes and he recovers the usual 
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electrodynamics. Using the statistical model of Einstein and Hopf (1910) 
for a nonrelativistic particle with a dipole moment, Boyer was able to 
arrive at the Planck radiation law. He realized that if matter is present 
the zero-point radiation would interact with the matter and give rise to 
a different random radiation pattern, which in turn gives rise to forces 
between objects. He calculated these forces and showed that they agreed 
with the Van der Waals force calculations of quantum theory (Casimir 1948). 
Ths it iS apparent, at least in these cases, that classical theories 
augmented with random background fields are quite capable of predicting 
fundamental results!, 

After discussing some solutions to [1.1] in Chapter 4, we look for 


time dependent solutions to the equation 


[1.6] 9 FOS = —aP(A Am + b*) 
a Qa 


where b is a parameter with the dimensions of inverse length which breaks 
the conformal symmetry. 

In Chapter 6, we introduce some equations which exhibit nicer 
properties than those associated with [1.6]. This is accomplished by 
assuming the existence of solutions to [1.1] which can be written as the 
sum of a coherent field and a fluctuating background field. The conformal 


invariance is then broken as a result of an ensemble averaging process. 


VRandom background fields also prove useful in the study of quantum 
fluctuations (Dewitt 1967, Brown 1975). 


cart x) 
(sre ‘" | 
oh Nite a See ‘ ) . i: 
f < : ! oo Pra wh. eee ; T, ae 
(Of8T) tgoH bas nitesent ar fabom sore 3 py2''s ad dhe nteu 
ot ofds 26w ‘wyod , tnenoa atogtb ' i q 7 oe 
Insasrq 2¢ vattem Yt Jord bast fey. ot ah cm 


oF 2hs avte bits yattom ads dt hw re a vids 


ey 
sh Pi : ale 
r ae 


#380707 of 927 2evtp nut of dobdw .ariedeq. Oty Mery mabe pee 
) ‘ NA 
hss ipa xsdt tant bewore bas. 2a07 ot searld badsTuolso. sH ies 


(SRET vtmte63) yrosdd mudneup to 2nofisivslss 99707 2(saW eb. ate 
=% Ps ta paige 
Sen? | dade eee eae rN ot 
2 Jet? ,2s260 92ont nt teast +6 tines laity 
onitoibaiq Yo efdigqss sotup sys 2bfat? bavovedsed mobast- erie -badimant 
_— 
aad, : = , 
ane 2olwesy 1s oi 


t 


10? Nool ow ,d wetqedd ni [1.1] ot endtaufoe emoe enizeuseth jeer - 


Nottsups Sit oF ehoty UB: - Insbnags = 


enotensmth ats Adiw ede a #3 

» COTES tse 

Trefixe fotiw eelisups smoz souboyvint aw..3 193q6N0.at : 

| Alten 

296 27 2°AT .{0. 1) 3tw badetoozees seonz ned 2 319qG0" 
riers P : 

jesiraw sda Wea brs FF "? senaAttiitna Fa «* Oh A — 
bb ~ iw me E } HoT AW tte Fd an e2notsuloe io omistetxe 9 pat 

Ay 


a Ps ~~ , A = s ; a 
MONOD Sl DISTT SNMONENOBG pNTisussul7 6 bas blat? tas ystee eee 
a ae >< 


; . ae 
-22990%9 BNI pSi2¥6 sidmens ns to tfues1 5 25 nedowWd wens 2ts Fe 
| 


musnsye TO ybute sdi nt luteaan gvore oats eb 
<2veT word « YOR 


CHAPTER 2 


HISTORICAL BACKGROUND 


The early history of a classical theory of a charged particle 
was directed primarily toward a theory of the electron. Abraham (1903) 
was the first to study in detail the model which depicted the electron 
to be a rigid sphere with a spherically symmetric charge distribution. 
He obtained the same expression as J.J. Thomson (1881) for the electro- 


magnetic mass, namely 


[2.1] neta fe® 
ji Bins h a os 
roo 


where No is the classical electron radius and f was a geometrical factor 
_which was fixed when the manner in which the charge was distributed in 
the sphere was specified. Later, Abraham (1904) believed that his 
results were inconsistent with the transformations proposed by Lorentz 
in the same year. Moreover, it was evident that the nonrelativistic 
theory of the electromagnetic electron was hampered by the fact that 
the various parts of the charged sphere must repel one another 
according to Coulomb's law, giving rise to an unstable electron. 
Poincaré came to the rescue in 1905 by postulating some co- 
hesive forces of non-electromagnetic origin which stabilizes the 
electron and also carries one third of the self energy so that the ex- 
pressions for energy and momentum agreed with the special relativistic 


results. 
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Me wasn't realized that this was due to an improper treatment of the 
transformation properties of the Coulomb field for a point charge 
(Rohrlich 1965). 
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Lorentz abandoned the idea of a rigid sphere and investigated 
in detail his "compressible" electron whose shape became that of an 
oblate spheroid under Lorentz transformations. 

The facts that these theories must make geometrical assumptions 
about the shape and charge distribution of the electron, in addition to 
being compelled to introduce cohesive forces of some strange origin in 
order to achieve stability warrants them unsatisfactory. 

It was not until 1938 that important progress with a dualistic 
model was made. Dirac constructed a relativistically invariant theory 
by treating the electron as a point charge. The difficulties with the 
infinite Coulomb energy were avoided by a procedure which allowed 
unwanted terms to cancel out. The equations obtained were not really 
new, but in their physical interpretation the finite size of the electron 
appeared in a new sense; the interior of the electron was a region of 
space through which signals could be transmitted faster than the speed 
Ctaltdnt. 

The problem with causality and also the well known runaway 
solutions of the Lorentz-Dirac equation led physicists in the 1940's 
to search further for classical models of the electron. Bopp (1940) 
and Lande and Thomas (1941) proposed essentially the same ideas. 

They used a modified electrostatic potential V = V" - V' where V" and Y' 


satisfy Maxwell's equation 
2 Wes 
[2d] yV'=- 4p , 


and Yukawa's equation 
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[2.3] gv! = - dnp + kV! 


respectively, so that 


_e@ e 
[2.4] Ve= par Gale 


By introducing another field into the usual electrodynamic picture, 

with both fields having the same point charges as sources, they were 

able to construct a finite self energy W = ee They were not able 

to understand from a physical point of view a V should be the difference 
rather than the sum of the two independent fields. 

Podolsky (1942) solved this problem when he investigated a 
Lagrangian approach to deriving generalized linear electromagnetic field 
equations. He found the only non-trivial generalization of this kind | 
leading to differential equations of order below 8 was obtained by 
taking the Lagrangian L. to be 
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dof og 
The resulting field equations contain the Landé-Thomas theory and 
account for the choice of sign required when one wishes to consider 
the total field to be constructed from the Maxwell and Yukawa fields. 
The higher order derivatives in the differential equations give an 
extra freedom of choice of solutions for a given problem. They 
appeared to be important for constructing finiteness conditions which 
serve to remove infinities inherent in the usual treatment of finite 


charges. 
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Another approach toward finding an extended charge model was 
proposed by McManus (1948) and Bohm et al. (1949). They essentially 
replaced the delta function in the usual charge density by some 
function f, which characterizes the shape of the charge, and has the 
same transformation and normalization properties of the delta function. 
The theory gave a stable electron with a finite self energy but contained 
a great deal of arbitrariness because the form factor f was not known 
from experiment. 

I, Prigogine and F. Henin (1962) and others have made attempts 
to modify models like those discussed above, but the problems with 
the introduction of "form factors" or "cutoffs" have not been satis- 
factorily resolved. 

Mie (1912) was the first person to dispense with the dualistic 
models. He adopted the unitary philosophy by demanding that matter in 
his theory was to be derivable from a field. Mie's ideas evolved 


around Maxwell's equations 
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from which it follows that the conservation law 


Be 
[2.8] dad = 0 


holds. Mie noted that if g8 is derivable from an antisymmetric tensor 


yore according to 


e7qmeits sbem eval 2-orso. bis (S8et) ntaeH. ws ooh vA 
S \ ~~ 


_S | oe | re ies So — — 
22 Byh. ong itrw i fe sig g reo) ec ys | ont 2 GW (8128 of ath 


HINO? Jud YOrone Hae athwh culttw revises 8 Bz 


twos tan 26w } 1Ots87 not one 6 myiie sod z2arit site 


anw Fabom sored bobneg a ™ 
riety tailed voit. coon 


amine ettensp crs 


4 s¥ 
re 


- ay ah y . 


ac . py = 
7 - . ae ome Tiel 
= 4 pat, : po 


a 


Ajiw ametdorg.otd dud pewods becouoetises ond atk: ata we - 
Todus” 16 “2sotost mot Fo ie ps 
i savagery 


: 7 pa * o a 
2 — - & sei oe *~. | = r 4 
sm 3643 prifonansh vd Yedgarolrde vvet tae art saserets ; 


baviove geebt 2'atM  blett 6 mot? afdevtven ed oth. cone 


2notteupgs 2" oe 
i 


wis 


- 
‘sevyseneS Sid sone aworfal. 


mv? sideviveb.2t “L. 7% tedd begee 


oF gnifbten 
tt 


[2.9] pen Phat dg? miu 
a 


the conservation law still holds, but ee could be a more general 

tensor than por. in fact, he set H°8 to be some function of F°° and 

the fields Av. He obtained some nonlinear field equations (Pauli (1958) ) 
whch he hoped would have solutions which differ from the Maxwell- 
Lorentz theory mainly inside the electron. However, no modification 

was found which gave satisfactory results. The main difficulty was. 
that all trial solutions investigated had an arbitrary charge. 

Mie's work, however, showed that the notion of a unitary theory 
was worthy of further investigation. Born and Infeld (1934) retained 
the unitary approach and attempted to remove the infinities in physical 
quantities according to "the principle of finiteness", which postulates 
that a satisfactory theory should be free of such infinities. They 
reasoned that if this principle is applied to the speed of a particle 
with mass, an upper bound c is required, and the Newtonian action 
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function 5 my should be replaced by me (1 - /I- ): They carried 
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this correspondence over to the electromagnetic field and constructed 


the gauge invariant Lagrangian density 
eet hs. 
[2.10] f+ 0? Ver hee | 


which they believed would represent a singularity free system. They 
were able to strengthen this argument by deriving in a more rigorous 


manner. They constructed an action integral 
I = jc dx 


which was invariant under all space-time transformations by means of 
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Eddington's result which states thatch must have the form 


[2.11] A= / aol 


where Avg is some asymmetric tensor. With an appropriate form of QB 
in terms of the electromagnetic fields and the space-time metric, the 
above Lagrangian density could be obtained. However, when they cal- 


culated the radial electric field Eis they obtained 


[2.12] rE. = 


which does not vanish at r = 0 as a non-singular radial vector should. 
Another attempt to construct a unitary theory of a charged 
particle was proposed by Dirac in 1951. He did not invoke gauge 
invariance in his model, believing that a more powerful theory could 
be developed without it, "capable of being transformed into a wide 
variety of different forms, and so providing better prospects for 
enabling one to introduce electric charges in a satisfactory way." 
He broke the gauge invariance by introducing the simplest relativis- 
tically invariant condition possible, namely 


[2.13] A AY = - K2 


which was used as a constraint in the usual Maxwell Lagrangian. The 


resulting field equations were 
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[2.14] 9 FEY = yAY 


where A is some constant. 

Dirac investigated the motion of charges in his theory in the 
following manner. With A infinitesimal, let ae be the field corres- 
ponding to no charges (1.e. ey = Q) constructed from A. The 
new fields Ai which have charge associated with them, were connected 
to A by a gauge transformation subject to the constraint that 


Fen a teR oy e 
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* 
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means that 
[2.16] (aS + A’) (at's Peat) eres 


Hence, if k = moe he obtained the Hamilton-Jacobi equation for an electron 
* 
moving according to Lorentz's equation in the field A: The four velocity 


at is then interpreted as 


bs * 
[2.17] fad Sata 
When A is not small, the motion of the corresponding charge is ob- 
tained by making successive infinitesimal changes in the solution of 
the equations. 

It was pointed out to Dirac by D. Gabor that his theory only 
allowed "electron streams" which are irrotational as follows from [2.17], 
and it is conceivable that vortical electron clouds can exist. In 1952 
he modified his theory to include such effects, and in 1954 he extended 
ijt to interacting electron beams. However, his theory became increasingly 


complicated, and he abandoned it soon afterward. 
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H. Schiff (1962), (1969) introduced the field equations 

[2.18] demas 0 ans lo 
O r 

where b? is a constant, and showed that particle-like solutions existed 
which were finite everywhere. With a given charge, a discrete mass 
Spectrum was obtained. Neutral systems had a mutual interaction of the 
Yukawa type, and charges moved according to the Lorentz equations in 
weak external fields. 

In the 1969 paper, he also proposed the equations 


ap _ ] 8 r 
[2.19] eu = - a A (A,A ) 


e 


Os ay hee G\2 5 wale 
af = - 2 (AA )" is satisfied 


identically in the Lienard-Wiechert gauge for a charge e in arbitrary 


He observed that the relation oe 


accelerated motion. Using this as a constraint in the usual electro- 
magnetic Lagrangian, he obtained [2.19]. He showed that nonsingular 
solutions to [2.19] exist which represent discrete neutral and charged 
states with zero energy. 

Bisshopp (1972) also studied [2.19] and constructed a class of 
plane wave solutions. He chose the field vector Ay to be of the form 
A(x?) = a,(0(x")) = aj(kz - ot) with 2,0 20, = (K, w,) which has 
constant components. This ansatz differs from that employed in Fourier 
analysis of a linear problem in so far as the functional dependence of 
a (k+x - wt) is not necessarily sinusoidal, but is determined from 


the field equations themselves. 
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CHAPTER 3 
SOME PROPERTIES OF THE SPECIAL CONFORMAL GROUP 


A general conformal coordinate transformation is defined by 


(Haantjes 1940) 


OX 
Sal c ' = a 
iS an] Diy l® ) = A(x) ETE NS Jug X io 


where Fy) is the metric associated with the space-time coordinates 

Rey a(x") is theconformally transformed metric in the new system of 
coordinates x'°, and A(x) is an arbitrary differentiable function of 
10 


Xa From [3.1], it follows that the line element ds¢ transforms 


according to 
[3.2] ds“ = A(x)ds 


from which we can calculate the angle between two infinitesimal vectors 
dx and dy” by means of the expression | 

Uyov 
gad’ dy 
[3s01 COC eee 

Ua V4 Hav ys 
(g,dxtdx") *(g. dy" dy) 
It follows from [3.1] that [3.3] is a conformally invariant object and 
hence the name "conformal" transformations. 
The conformal transformations which map a flat space into a 

flat space are known as the special conformal (abbreviated by S.C.) 


transformations. These transformations are defined by 
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[34] g° (xg ) = = r(x) Oe 
ay ax! 9x 


which is obtained from [3.1] by setting both ah and oN equal to the 


Minkowski metric 


i3%o] nN. = 1 


As shown in Appendix 1, the 15 parameter S.C. group is generated from 


[3.4] and the infinitesimal transformations 
[3.6] xt = yh + gy (yx) 


where 6x" is an infinitesimal differentiable real function. From 


[Al.14], the corresponding finite coordinate transformations are 


[3.6a] xit = ea 
[3.6b] xtHis yb 4 ab 
[3.6c] x tH = pyk 

vi Uy 
[3. 6d] yilvagh Ur Cox 

Oo 

where 
[3.6e] Co et 2chx + ae 


and x? = xX Equations [3.6a] and [3.6b] together constitute the 
Poincaré group of coordinate transformations; eqn. [3.6c] defines the 
dilational transformations and [3.6d] are the S.C. or "acceleration" 


transformations. 
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The S.C. group is isomorphic (Dirac 1936) to the group 
S0(4,2) of orthogonal transformations in six dimensions. This group 
involves linear transformations in contrast to the nonlinear relations 
given by [3.6d] in Minkowski space, and is therefore useful in some 
calculations. However, the projection from six space to four space 
Dtecrinecs non-linear quantities and makes most calculations as difficult 
as when [3.6d] are applied directly in four space. We therefore prefer 
to use equations [3.6] in Minkowski space for our purposes. 

If, under a S.C. coordinate transformation, the covariant com- 


ponents of a vector A transform according to 
[3.7] Aen lxd SA a(x) axt 

e a B b) 
then the contravariant components must transform like (Fulton et al. 1962) 


1 
[3.8] A'H(x") = g@(x)AP(x) 2X — 
9x° 


The reason why a factor of an appears in [3.8] follows from [3.4] and 


[3.6d]: 


1 (Yan tela 2 = LT 
[3.9] giy(x') = o°(x)n,,, = yey 


with o given by [3.6e]. The scalar product AM" (x" A‘ (x) has the form 


[3.10] AL(x')A‘O(x") = oA (x)A (x). 
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Conversely, if A™ (x) transforms like an ordinary contravariant vector, 


then we would have 


AL(xt)AM (xt) = aE 
a ee rT ha 


SO we See that it is important to establish how the field variables 
should transform under a S.C. transformation. 
The S.C. transformations [3.6d] are equivalent to an inversion 


» followed by a translation x"" = x'* + a4, followed by 


roe be 
Vv 


another inversion 


ul 2 

[3.11] np gael 
xl"! 
Vv 


where Ke and a’ are some constants related to the parameters ch in 
[3.6e]. Hence, if an equation is invariant under an inversion like 
[3.11], then it is invariant under a S.C. transformation. Bateman 
(1910) and Cunningham (1909) used this fact to show that Maxwell's 
equations are invariant under the S.C. group of coordinate trans- 
formations - not just the Poincare group. 

Kastrup (1962) has shown that the dilations and S.C. trans- 
formations can be interpreted as a change in the units employed during 
a measurement of a given quantity. This observation can be established 
as follows. Let E be the interval between two events in space-time. 

E can be written as E = dse where e is the unit chosen for the measure- 


ment. If we had chosen some other unit e' which is related to e by 


means of the relation 
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[3.12] e' = o(x)e 


then, since E must remain unchanged, 


SO we have 
[3.13] ds'* = 


which is just [3.2] in flat space. We can therefore obtain the 
transformations [3.6d] as before. The S.C. transformations can thus 
be interpreted as a space-time dependent change in units. If we 
change the unit e by a scale factor 8, i.e. e' = Be, then it can be 
shown in a similar fashion that the dilations are equivalent to a 
change in scale of the unit. 

S.C. transformations are often referred to as acceleration 
transformations. This name comes from a study of uniform acceleration 
by Hill in 1947 which is now briefly summarized. A particle is said 
to be uniformily accelerated when it experiences a constant acceleration 

in its instantaneous rest frame. Let ry and v = 1 be the position and 
| velocity of a particle in a given frame of reference. Then, it can be 
shown that the equation 
x say eS 
Bidding of (lev2)¥ + 3v(¥ev) = 0 


must be satisfied by Vv if the particle is uniformily accelerated. 
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Hill showed that if r(t) is the trajectory of a uniformally accelerated 
particle, the point transformations [3.6d] map r(t) into r'(t') which 
satisfies [3.14]. He also proved that the S.C. group of transformations 
is the only one which leaves [3.14] invariant. 

Laue (1971) has calculated the orbits r'(t') for a particle at 


rest at r(t) = ifs = const., and shows that 


» Brae acai 
ey r'(t')}=r! - +t ero 47S. 
) ze B ze 
> > +2 
: u > > Ur oC EO > 
Withee: —~(C,0), i = oe SIF» and the acceleration vector e€ 
1° 2eryo6+ cr 
9) ) 
in the instantaneous rest frame 
P16) és 20°F, - 2¢ - A+r¢ = constant; 
3 
[3.17] yen ey seth tl 1. J tale si (c.t341)" 
2>2 ae ine 
2(cq) "0 


with cl = (0,c) and € = + Ztog yore We see that the orbits are 
hyperbolas and that the acceleration depends on mn and cl, 

Milner (1921) demonstrated that when a charge q, initially at 
rest at on constant, is accelerated in a manner equivalent (Fulton 
and Rohrlich 1960) to a one dimensional special conformal point 
transformation, the resulting orbit is a hyperbola with branches con- 
sisting of equal and opposite charges. The effect of the acceleration 
in this example is therefore to "transform away" the original charge. 
The orbits given by [3.15] and [3.17] are geometrically similar to 


Milner's problem, but in three dimensions. This raises the following 
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question - can we take a charge at a position re # 0 at some time t, 
perform a general. S.C. point transformation on it, and obtain a con- 
figuration with zero total charge as a result of the acceleration? 
As shown in Appendix 2. this situation can be realized. 

However, under a conformal coordinate transformation, the 
charge Q behaves in a different manner. It can be shown (Fulton et al. 


1962) that Q defined by 
is v 
[3.18] Q | I do, 
is a conformally invariant object: 
2 Vv = Vat 
[3.19] Q = | "do, | 1'¥do! 


Here, I’ = U’Y[g]T jis a vector density of weight + 1, and do, isa 
Space-like surface of weight - 1. 


Schouten and Haantjes (1936) observed that a S.C. or dila- 
le 


tional transformation on a non-zero rest mass (pp does not 


leave it invariant but rather allows it to take on any value in 


) bs Vana oee 
(--,0), This follows from the generators x 9, and kK = 2x x 8) X a 
for the dilational and §.C. transformations respectively. It can 
be shown (Barut and Haugen 1972) that 
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v hee U 
[3.20] e pipe ep, P 


holds for the dilations, and 
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is true for the S.C. transformations. We see that only zero mass 
particles will remain invariant under the special conformal group 
of transformations. | 

A S.C. transformation does not necessarily preserve the 
causal relation between a pair of events Xq> and Xo. From [3.6d], 


the length between xy and Xo transforms according to 
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If (xy-x5)° # 0, Rosen (1968) has shown that it is always possible to 


choose c such that o(x, )o(x,) can change its sign. 


Using the fact that o(x) = 0 defines a singular surface 


(Gar 
to allow o(x, )o(x.) to change its sign) Laue (1972) showed that the 


and (x9), must lie on different sides of this surface in order 


point transformations [3.6d] map the world line of a charged particle 
at rest into two branches of an hyperbola. The fields are given by 
the Lienard-Wiechert potentials for the charge q on one of the branches, 
the other corresponding to the advanced potentials of the opposite charge (the 
Liénard-Wiechert potentials are conformally invariant except for an 
unimportant gradient term (Haantjes 1940)). 

This result comes from the fact that 

BOY ox sg) mia TEE (xe Jg). 


We see that the conformal point transformations induce two symmetric 


Orbits with equal and opposite charges. 
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CHAPTER 4 


THE EQUATION 9 Fe = - aPa AS 


4.1 Invariance of [1.1] under the S.C. group. 


The equation® 


[1.1] Sela Meda op 
a OL 
can be obtained from the Lagrangian 


[4.1] L=- te | Lk are + (A, Av ards. ; 


Under a S.C. transformation, the four dimensional volume element 


d*x transforms in the following manner: 
4 

[4.2] dtx! = 2% 
Oo 


If the transformation law [3.7] is employed, we see that 48 = 9 oh go phy 


transforms like an ordinary tensor under a S.C. Lee ae and 


[4.3] Bebinmeta ts a 
From [3.10], [4.2] and [4.3], it follows that 
Pix) = 1°08") 


which is a sufficient condition for the field equations obtained from 
L to be invariant under a S.C. transformation. Furthermore, we see 


that [4.1] is the only Lagrangian with an "interaction" term involving 
CANE CAG a no RS eee eee enon ee 


eThe coupling constant e in [2.19] has been removed by an ete 
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only the A, Ss that is invariant under the group of S.C. coordinate 


transformations. 
4.2 Solutions of [1.1] obtained by using the conformal symmetry of [1.1]. 


Dilational invariance of a given differential equation is useful 
in obtaining a certain class of solutions to such an equation. Morgan 
(1952) proved that if a partial differential equation exhibits dilational 
invariance, then solutions exist with the number of independent variables 
reduced by one. As shown by Schiff (1969), this theorem can be used to 


obtain radially symmetric solutions of [1.1] by setting 


X, (9) 
[4.4] A(r,t) = - : 
Ny (4) 
[4.5] o(r,t) = . 
with q = - No (9) satisfies the equation 
ry Soke 36 2 (a oH 
[4.6] Sonal nad ne wuied net dee |r oe 
where the dot represents ia It can be shown that 
[4.7] AD ee Pe 
Equation [4.6] can be reduced to 
| 2. Ene déy 3 
[4.8] (s -1) re Caney 
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[4.9] Ss = ar sat RS ees 


and 


[4.10] y(s) = 2(q-1)n,(q) . 


Solutions of [4.8] are either antisymmetric or symmetric at s = 0 if 
y = 0 or wv = O respectively.. It can be shown (Pounder 1969) that 


symmetric solutions Yon have the property 
dy. (3) 
ay en 
[4.11] Yon (3) = 4 
and the antisymmetric ones Yon+] satisfy 


[4.12] Vo io) re 


An expansion of n(q) about q = 0 shows that 


~ 3 5 
[4.13] No (9) = aq + aq + aq +... 
and near q = », 

QO, oO, 

Bac Z 

[4.14] nN (9) = Sate ery PS ye 
q 

with 


; a 2 _ _ 2(303-04 ) 
[4.15] Qo = Ags Az = —z (2-a, ie Cg FO ae 


An expansion of y about s = 3 shows that Qn = 0 for symmetric solutions, 


and dy = 0 for antisymmetric solutions. 


A set of numerical solutions for [4.10] was obtained by choosing 
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an appropriate eigenslope at s = 1. One algebraic solution was found to be 
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The electric field as a function of ilps and No 1S 
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[4.17] E(ryt) = z Uc a1 nae q(q°-1)ig] 


so the charge Q is given by 


[4.18] Q =slim r°E-so- oe 


Yoo 
We can obtain additional solutions to [1.1] by applying a 
S.C. transformation to the fields [4.4] and [4.5]. From [3.6d] and 
[3.7] with ch = (0,0,0,-k), we obtain 
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We can write these potentials as 
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and determine Xe and ne from the Taylor expansions of [4.19] and 
[4.20]. The "c" on the fields signifies that they satisfy the con- 


formally invariant equation [1.1]. The combinations 
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prove to be most convenient in various calculations, so we choose to 
work in terms of these functions. 
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These expressions are useful in the investigation of the equations to 


be discussed in the next chapter. 


4.3 Calculation of the energy for the fields [4.19] and [4.20]. 


The energy € is given by 
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where Bi) (yy) is the beta function and Ra is the associated Legendre 
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From [4.38] , 
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We can easily evaluate L2: 
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We must now determine the signs of the square roots of a and y. 
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that any explicit appearance of a", where m is a fraction, always 
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therefore have the same form as when kt > 1, since a = kt - 1 
and yifé = kt in this region. When 0 < kt < 1, we have gt /2 = ]-kt 
and fe = kt. 

From these values of ale and gta, we have 
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At kt = 1, the energy diverges. Equation [4.44] shows how the conformal 
parameter k enters explicitly into e« and therefore demonstrates the con- 


tinuous nature of the mass spectrum. 


4.4 Propagating solutions of [1.1]. 


Plane wave solutions of [1.1] have been obtained by Bisshopp 
(1972). However, the nature of propagating waves is more generally 
explored by looking at the characteristics of [1.1]. This was done 


by Shamaly and Capri (1974) who showed that the characteristic deter- 


minant D(n) for [1.1] is 
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where n, is the normal to the characteristic surface. Hence, in 
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there exists another characteristic surface given by 


[4.47] i = ey ee 
Qa 


Solutions to [1.1] which allow [4.47] to be satisfied with real 


values of Ny guarantee the system to be hyperbolic. 
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CHAPTER 5 
POINCARE INVARIANT SYSTEMS OBTAINED FROM eet 
5.1 Breaking the conformal symmetry. 


As mentioned previously, conformally invariant systems have a 
continuous mass spectrum. We must therefore construct some means by 
which that symmetry can be broken in order to describe a physically 
meaningful system. One method to achieve this goal was 
constructed by Schiff (1969). He proposed that particle-like 
solutions of [1.1] consist of coherent excitations immersed in a ran- 
domly fluctuating background field. The observable states are obtained 
by some average over the random fluctuations. The coherent and inco- 


herent fields were separated by introducing the complex fields 


5514 P, = Ae Ua 1B, 
and 
(5224 Pe = Ae - iB, 


where Ae and Be represent the coherent and random fields respectively. 


It can then be shown that the observable field satisfies 
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providing the random fields fluctuate over a period T much faster 
than the coherent fields. The parameter b has the dimensions of 
inverse length, so it is apparent that the random "background" field 


determines the length and time scales for this system. 


5.2 Static solutions of [1.6] 


Static solutions of [1.6] have been investigated by Schiff 
(1962) and Darewych (1969). The radially symmetric static solutions, 
as discussed by Schiff, are now briefly described. 


By means of scale and amplitude transformations, the equations 


[5.4] vo = o(1 + AX-9°) 
and 
[5.5] Aq + a* -47) = 0 


can be obtained from [1.6 ]. If A vanishes everywhere it can be shown 


that (Finkelstein et al. 1951) 


2 
[5.6] vo =6-6 
4, dd ; we 
has spherically symmetric solutions with ay = 0 which are finite 
r=0 
everywhere. One type of solution forms an infinite discrete set 


-r 
asymptotic to zero as s— , and another continuous set exists which 


is asymptotic to +1 as — where a is arbitrary. The 
exponentially decaying solutions correspond to a discrete value of 
o(0) > ¥2 , while the oscillatory set is characterized by any value 
of 6(0) in (-~,~). The discrete solutions must represent neutral 


particles because o decays faster than L. Furthermore, the mass of 


ne 7 st : 
; - 
2 36 not nent ae 2 


nl we, 7\ye 
? a 


bist? "pauoyDiond® moDrs ont 


cor _ Wau 


moIeNE cent 108 


Ve — 
f oe 
q “ 
a : ‘ Ph ing 7 
x : i nae N 
‘tio? vd betepitesvar nasd SVE te a en bite wiee DF 
iy 
i ‘” bs. 
<enoitufoe sitsase oi 1ammye WwW ister ‘oat (088 rT}: ‘AWwerts 


dtvoes $b vitaind WON BIB. - Ror 


bs head 


anortsupe sdt ,enersai at ned } abut tt 15. Sa since te 8 


' A 3% 
= * a | - er ie ve wb or a sc ~ — . imal 
Pee 2 t BTS! WY ys eon inbyY A Tl [ 3; TB ed 


(f201 _fs*as ‘va 


osinr? a16 contw £ = Hitw 2notutee o Ts dSmmye na? =) a wig2 


~527b sttnttat ne 2onat anorsusoe %t6 aqyt ond 

io : 

, 5 

efx’ Ja2 zuctnfInos *entotis bis . —— 26 er 
THIITAIS 27 no SN5Rw wet * ts of See -— 
to suléy sdoioetb 6 ot baogesitoD enarsii de satyitiall pe ONC 
sufsy yes vd Bssiiestaevedo z2f Jee yrosslTiszo ond aft a e 
es 
sgusn Snszaiqe) Jeum enoisuloz eIsta2tbh ant — | wl 


eee I . 
0 226m SAT ,99CMTSHIYOT . = fens Wiz67? zysosd o SF 


the neutral system My is 
| ale 2,3 
ponent My ae | o dx 


which is degenerate because both o and -¢ satisfy [5.6]. 
Other solutions to [5.4] and [5.5] can be obtained by setting 


[5.8] Wie 00" 0 eyenee 
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where R, is any zero of 1 - 6°. The equations governing ¢ are then 


[5.10] ecto: Oe O<r<R 
and 
[5.11] vo = 0 r > Re 


The solution to [5.10] is that part of a solution to [5.6] which is 
b 
asymptotic to +l; ¢=at — in the outer region, and » and oo are 


required to be continuous at r = Ro: Since A(r) is continuous at 
2 
r= Ry? SO iS oe . The parameters a, by > and Ro are related by the 
dr 
condition 
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Equations [5.8 to 5.11] describe a localized charge distribution 
outside of which Maxwell's equations are satisfied. A discrete set of 
charged solutions are obtained for this system if a particular charge 


b, is chosen. 
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5.3 On time dependent solutions of [1.6] . 


Although time dependent solutions to [1.6] in the form of 
plane waves are not difficult to find (Darewych 1966), we have not 
been able to construct any additional solutions in an unambiguous manner. 
Peeirs ec sight there appears to be the possibility of formally writing 
down a time dependent series expansion, in the mass parameter b, of 


the form 


A wataos bh Ai pe ale) a. 
a a a Oo 


where A satisfies the conformal equation [1.1], which is just [1.6] 

with b = 0. We observe, however, that in [1.6] the magnitude of b can 

be made to have any value by a scale and amplitude transformation on 

x" and AY respectively. Consequently b cannot be regarded as a 

"small" parameter, and the validity of the above expansion is not clear. 
Nevertheless, we thought it would be instructive to investigate 


the expansions 


(5.121 A(r,t) = J (br)® x,(q) 
and 
[5.13] o(rst) = 4 J (br)? g(a) 
S= 
where 
a 
a Mate 


Expressing the fields in this form allows us to use the con- 
formal solutions [4.21] and [4.22] to simplify the problem at hand. 
Furthermore, using the variable q permits us to deal with two first 


order ordinary differential equations. 
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Substituting [5.12] and [5.13] into the first order equation 
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We know that [5.12] and [5.13] are equivalent to the conformal 
fields [4.21] and [4.22] when the parameter b vanishes in [1.6] . 
Furthermore, the equations obtained from the coefficients of (br)° in 


[5.15] and [5.19] are linear in fig and J.» SO by setting 
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the equations for a and G. are more easily solved. Hence, from [5.22] 


we obtain 
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and [5.23] gives 


2 : ray as 
[5.29] - 6q Ny 6p +ingFo(a°-1)(2qn, #ing)o+ aFong (ao-1) + 2qn, = 0 


which can be uncoupled to yield the equation 


[5.30] F, + P(q)F, + Q(a)F, = R(q) 
where 
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It is well known that any solution of the homogeneous equation 


[5.32] Fe P(aye aOlavrien0 


gives the general solution to [5.30]. Equation [5.32]with No given by 


[4.16] corresponds to the Heun equation, as is shown in Appendix 3. 


This result, however, does not help us to obtain a closed form solution 


for Fo. 


We now determine the asymptotic form of F. and G,, as q + SO 


that we can numerically integrate 


Lasoo! 


and 


[5.34] 


uA 


eae ely 
q(1+3q") (q°-1)"°(1+3q") ¥ 6(q°-1) 


Pat 2 
s = 2-year use sae) 
6G, = --3 ASU E+ (ao -1hF, + 


(1+3q")q 


which follow, respectively, from [5.30] and [5.29] with [4.16]. 


igh 


From [5733], Fo has the form 


Foe Ag+ B+et.., 


and [5.34] requires 


[5.36] 


‘ip coi 
Gy AUD Bigs 


We can eliminate some of the constants in these expressions by 


imposing the condition that the electric field vanishes at t = 0; i.e. 
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[5.37] E(r,0) = E°(r,0) + EN(r,0) = 0 
where E° corresponds to the conformal electric field [4.32], and EN 
is the non-conformal contribution. Equation [4.32] shows that the 
charge of the corresponding conformal system vanishes for any t. It 
is unreasonable to have a charge suddenly created at t = 0 by a con- 
tribution to E(r,0) from ENtr 0); so we require [5.37]. 

The conformal solutions we are concerned with correspond to 
the expansion of A and » in the range 0O< br << 1, so [4.14] with 


the argument A gives 


i, "o(Z)|t=0 = br * ap (br)” +... 


where k in the definition of t is replaced by b. Hence, 
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It follows from [5.35] and [5.36] that 


[5.43] E,(r40) = b*[2A + B + 2 (8 + ¢) + o(-4)1 
g 
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[5.44] 2A +B = 0. 

From [5.35], [5.36], [5.33], and [5.34] we can obtain the 

relations 

[5.45] Boe Ae 

and 

[5.46] BA = 

so from [5.44] 
“(6r47] A=C=B=0. 


Hence, the asymptotic forms of Fo and G, become 
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2 Z 
q 
and 
arvaeead 
respectively. 


Equation [5.48] and the requirement that Fo should be finite 


everywhere were used in conjunction with the power series 
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about q° = ], where a. = 1, to numerically integrate [5.33]. 
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The series involving 5 (1 + /13 ) is a solution to the homogeneous 

part of [5.33] which is discussed in Appendix 3. The integration 

was performed in two separate parts; the first covered the 

range q > 1 by matching F, with the asymptotic form [5.48] at q =~, 

and the second segment started at q = 1 and moved inwards to q = 0 with the 
condition that Fo must be finite at gq = 0. Fo and its first two derivatives 
vanish at gq = 1, but Fo is not an analytic function. Hence, [5.34] implies 
that Go is not analytic either, and it follows that Xo and No behave in a 
similar fashion. 

Although it has been possible to construct a solution to second 
order in br which is physically acceptable - all physical quantities are 
continuous and finite at q = 1, because of the non-analytic behavior at 
q = 1 we expect that the higher order contributions would not be physically 
acceptable. Furthermore, because of the arebyen of defining the smallness 
of the mass parameter we cannot assign a radius of convergence for the 
series [5.12] and [5.13]. Whether or not the non-analytic property is a 
consequence of the fee of a "smallness" criterion is difficult to say, 
but would merit further study. 

It is interesting to note that the time dependent systems based 
on [1.1] or [1.6] must be unstable. Schiff (1969) indicated that because 
the conformally invariant system has a traceless energy momentum tensor, 
localization cannot be achieved if the energy is non-zero. The system 


corresponding to [1.6] satisfies 
| d*x T% = 0 
Qa 


from which the same conclusion follows. 
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CHAPTER 6 
POINCARE INVARIANT SYSTEMS OBTAINED FROM [1.1]. II 
6.1 Breaking the conformal symmetry. 


Having discussed one method of breaking the conformal symmetry 
as described in Chapter 5, we now propose a different scheme. We assume 
that there exist solutions to [1.1] which fluctuate rapidly and that an 
average over these fluctuations yields a coherent (or mean) field which 
we consider an observable. 

The averaging process referred to above is to some extent ar- 
bitrary. We can imagine either an ensemble average over coordinate 
independent random fluctuations in a statistical sense, or a time average 
over the fluctuations. It follows that if we denote the averaging by a 


bar (A,) then 


[6.1] A =K 


a (o! 
and 
[6.2] DAt = 0k 
10} Qa 


where D represents any differential or integral operation. 


We define the fluctuating field se by writing 
[653] ne = ae - AA ; 


It follows from [6.1] that 


>| 
Q- 


[6.4] 
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The "vacuum" state in this formulation is taken to be the one 


for which 
[6.5] AK = 0 
0} 
and 
[6.6] aie = q60) = constant 


a a 


corresponding to a randomly fluctuating "background" field, denoted by 
aso) , which is homogeneous and isotropic in the sense of [6.6]. 


In addition to [6.6], the associated tensor 
(0), A. (0) (0) 
FB = OyAg - 0,A, 


has a special property directly observable from the equation for the 


"pure background” field 
OB.WL Sno NO) .6 
ae eF (0) = “A(oyMs M(o) - 
Multiplying [6.7] by a) gives 
[6.8] 9 ae At?) Peliae COVEORN ee [aboag f 
BL (0) "a 2 af (0) Bi =(:0) 


Averaging both sides and noting that because of the homogeneity and iso- 


tropy in Fo) ab), we have 


[6.9] -5 pl)pab _ -eC0) 


(0) ,B 
provided Ae A 0) 7 0. 


a4 


vd batons .blet? “brinorpyaed” yA i 
Bis a] to senee ont nt ai ge 

voenad batetooaee path 

ee 


ys ee 


co 


ent yOt nofisupys one mot ‘sfsynisetd csi 


ro. 
rt, wee 
are ne ” 


d(C), sn. 2 86 
, ; cA ae rm 
(0) s(0)" (a) ae 


25Vip (p yd [Y.4) .pnitygiaf t 


jaledal —_ ayes ag 


Oe AS 
-o2f bes ystanspomort sit to eszussed tedd onften bas esbre dod p 
—— Poi 


aved ow 4” OA agit) 


v< laa al - mens :+ Oh fs 


This suggests’ that if excited states of the "background" field 
exist they might exhibit electric properties, i.e. electric charge. 
Inserting [6.3] into [1.1], and using an ensemble average with 


the properties [6.1], [6.2], and [6.5], gives the equations 


BOs SOye aA ivan 1hrnt iA RRA 
[6.10] dof =-A (A,A + A' A \) - A (A, Age it 2A, A ) 


and 


else Qiptnir tna ry 1A oberg. nas roe. 

[6.11] oof = aA (A,A ” A,A + 2A,A )-A (A,A 7s A.A “A 2A, A ) 
1 na iA A uA 
+ A (A,A + 2A, A ) 


If we multiply [6.11] by R and average the result, we obtain, after some 
algebraic manipulations, 
[6.12] 99°F = 20, A‘aA'S + GAS AYALA + 20 AMF 

fo} bate aa fo} 

10 ewe ety. 1 108 
+ 4(A AY) = 2(ACA Puan Fae 

where f is defined by 
[6.13] Fe AA 


We deal with [6.10] and [6.12] rather than [6.10] and [6.11] in order 
to avoid the details of the fluctuations. 

Both [6.10] and [6.12] present us with a rather formidable 
mathematical problem (generally characteristic of nonlinear equations 
involving fluctuating fields). We consider f to be an observable 


T _Af.. neg hg CD hg OBO, (070, (0), 
We also have 4 (3)8 (0) Taye 2a (e Ay OAs ) = 0. The 


symbol (o) is not a tensor index. 
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classical scalar field and for purposes of tractability, express the 


right hand sides of [6.10] and [6.12] as "functionals" of f, A and 
derivatives of these quantities. This leads us to coupled equations 


of the form 


[6.14] 9 Fo ae AO (AR ace AT(AP £3 gf 130A etc.) 
and 

as Gewe yn (Ab A 

[ ] 349 f No(A sf ,30f,90A.» etc.) 


where the functionals Ay and No are given in terms of A’ f, and their 
derivatives. By a judicious choice of Pheee functionals, it is possible 
to break the conformal invariance. 

In principle, there is an infinite number of equations we could 
investigate, so we will look at the simplest ones which lead to reasonable 
results. We remove the complexity with the derivatives in Ay and No by 
including derivatives only in No. Hence, Ay = Aro). This assumption 
is somewhat unwarranted but it leads to a system of equations which 
become much more tractable. 

In addition, we require [6.14] and [6.15] to be derivable from a 
Lagrangian. This places further restrictions on Ay and My as well as 
giving us an energy momentum tensor from which we can investigate the 
energy for various models we can construct. 

It is well known that charged elementary particles occur in 
Singlet pairs with opposite charges. Thus, for example, there is only 
One type of T’ orm meson. Since we have an additional scalar field, 
namely f, which appears in our equations, we must therefore demand that 
-f is not a solution to the field equations if f satisfies them. Other- 


wise, we would necessarily have a description of doubly degenerate charged 


Particles. 
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6.2 Systems without derivatives in Ny. 


We consider static systems described by [6.14] and [6.15] with 
a > 
radial symmetry and A= 0. When A = 0, it is reasonable to assume that 
the coupling between $ and o' is much stronger than that between @ and A’. 


This allows us to set A’ = Aig)» so f is given by 


eh over ee ee 
[6.16] Beaty angi BA Fereitp 


which we take to vanish as r>o, The case where f > constant as r>o 
is considered later. 
In the rest frame we now investigate the equations derivable 


from a Lagrangian density of the form 


| 2 2 
[6.17] geek Le 22 oN, atte?) 


where we have dropped the bars on 6 for simplicity, and ’ is a parameter 
with the dimensions of length. G is a scalar so it must contain even 
powers of o. This ensures that -¢ is a solution to the field equations 
derivable from [6.17] if ¢ is a solution. Hence, both positive and 
negative charges belong to the same solution ¢. It is also clear’ that 
neutral solutions to the equations with o # O have a degenerate rest mass. 
We can, however, remove this degeneracy by setting > = O and taking the 


resulting equation for f to represent singlet neutral systems. 


i = 0 requires the intrinsic angular momentum (spin) to be zero. 
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In an arbitrary Lorentz frame, the Lagrangian density becomes 


Pet ne ae OC rae a2 oO a 
[6.18] L = Tr |- T Fuge ate COR TORE G(f,A.A | 


so that the pure electromagnetic term has the usual form and sign as in 
conventional electromagnetism. 

Our main effort in this thesis will be to examine the consequences 
of such a Lagrangian density using different expressions for G. 


From [6.18] we define the canonical energy-momentum tensor 


< re boeke 
[6.19] er ne Sag ~ 2yAy TORT 7 af 


The pure electromagnetic part can be symmetrized in the usual way. 


The 4- momentum is 


p® --| Tas 
a 


where the integration is taken over an arbitrary space-like surface. 


If we choose the surface t = constant, we can write 
p® --| T4a3 

so the energy (mass) is 

[6. 20] ph=M= - | Te deeds 


For static fields, [6.19] gives 
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[6.21] Nye + [Ka Zhi 


M can be written more compactly if we use some integral relations which 
we now derive. 

We can perform an amplitude variation, f > af, and by requiring 
Pall, ; = 0 for any f which satisfies the field equations and vanishes 
as r + ~, we obtain the integral relation 


[6.22] Qe | dex (a°(VFYS = roe) 


Similarly, we can vary the amplitude of and obtain the relation 


[6.23] o= | dx ((96)* + ot - 

If we change the scale in r by a, i.e. r+ or, and require =| = 0, 
a=] 

we have 

[6.24] 0 = | Gxttvey~ So(ve) eer | 


Hence, from [6.22], [6.23], and [6.24], M is given by 


[6.25] W = ape | aPxir¢ve)? - (99%) 
= x | d>x G 
=a | x [eek + o2t 
12n ‘ op 


This shows that M is generally indefinite in sign. It is possible in 
certain cases, however, to construct a positive definite rest mass. 


These situations are discussed later. It is apparent that neutral 
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solutions with ¢ = 0 always have a positive definite rest mass. 
We wish to work with equations which involve dimensionless 


quantities, so we perform the scale and amplitude transformations 


[6.26] g=e fear eha 


where $5 f, and r are dimensionless. The energy calculated from [6.26], 


M, is related to M according to 


>|=> 


[6.27] M = 


We now drop the hats on $,f, and r for the sake of simplicity, 
and investigate various models of charged and neutral particles based 


on the Lagrangian density 
2 2 
[6.28] of = ge Age - Ave) @(t.67)] 


The simplest equation we can obtain from [6.14] is 


6.29] We = Oh oo}, 


Charged particle solutions to [6.29] therefore require f > oe as 
r +o, Furthermore, the Lagrangian density for [6.29] must contain 


2 2 
the terms - + ye, so that the f equation involves the term - a 


Therefore, G is of the form 
1 246 
G=-7(f - 9°) +N(F) 
where N(f) is some polynomial in f. For simplicity we choose 


N(f) = - f° 
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where 8 is a dimensionless parameter. 


The equation for f is then 


[6.30] vf = a f-$") + gf. 


It is easy to verify that 


b 
[6.31] oP 
r ta 
and 
by “(r+a“)~3a° 
[6.32] f = 
(r2+a°)¢ 


satisfy [6.29] and [6.30] with 


B28, bye 5 


| We thus have a non-singular solution 
asymptotic to the Coulomb® solution. 
Neutral solutions which have 


form 


[6.33] g= } 


o* # Ger, 2.878 
on: an 


for the potential which is 


an asymptotic expansion of the 


oO 
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require f to have the series expansion 


[6.34] fvely) 


2 ] 


The Coulomb potential 6 = arte also an exact solution to these 


equations (singular at r = 0). 
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with as # O for any $ of the type [6.33]; i.e. o = ee heae > = er 
r 4 

etc. Hence, these expansions require the f equation to be of the form 


2 
[6.35] Ae +B f° 


where the subscript N here, and in what follows, refers to neutral systems 
with o # 0. 


One exact neutral solution of [6.29] and [6.35] is 


Dy 
[6. 36] WS eas 
ro tay 
with 
ore + by. 2 bay 
[6.37] f = 5 a) 
(ro + ay’) 
and 
78 2,2. 104 Bey: 


which is negative. 

Other charged particle solutions were sought for by numerical ly 
integrating [6.29] and [6.30], but none were found. Furthermore, we 
see from [6.12] that a term involving foo appears explicitly in the f 
equation. This leads to our next model. 


We consider the equation 
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(6. 38] VF = o(f-¢°) + BF - YF 
which forces us to write the ¢ equation as 


[6.39] vb = 6(f-4*) = dor? 


for a charged system. Neutral solutions with a degenerate mass follow 


from the equations 


(6.401 | Vo = o(f-6") - dyof? 

and 

[6.41] jalan mapa cea ara 
. aed) BO By Yn yi? r) 


and singlet neutral states are obtained by solving 


Le 2 
[6.42] Vttmatere fay-by 


3 
where the subscript n is used for neutral systems with o = 0. 
It is interesting to note that the charged and neutral equations 


with ¢ # 0 are the simplest ones we can construct which are equivalent 


to equation [1.6] with A = OE 


v°$ seve (b-thes 
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when f = constant everywhere. In fact, we have b° = 


No] “h 


An exact solution of [6.38] and [6.39] with » of the form [6.31] 
is obtained by setting f = Ge The parameters in these equations satisfy 


the relations 


[6.43] 3a” = by d, 2= b 
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A neutral solution of the form [6.36] with 


[6.44] f = Sei ae 


eae a | 
N 


satisfies [6.40] and [6.41] provided 
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b 
N 2 2 iC 2 
cp ee ee es 2 = = 
[6.45] 4 : 48.» Bay by dy Ayn» 8a, 4d) + by 


The rest mass of the exact charged solution is 


oe 


[6.46] Mi Si ee A aba 
C  9¢a3 


and that for the exact neutral solution is 


24a, 


so it is clear that the parameters may be chosen to ensure both 
masses are positive. 

Other solutions for these charged and neutral equations were 
obtained numerically. The results are presented in tables 6.1 and 6.2. 
Figures 6.1 and 6.2 represent the nodeless solution for 9 and the cor- 
responding solution with one node in f. The solutions were obtained by 
integrating inwards from r = ~ with the asymptotic expansions 

ies le ake 
> = et =F az tees and f = oes a tee. » with or and fr both zero at 
: r r 
0. 


r = Two free parameters which become eigenvalues were generally 


required to satisfy these boundary conditions. 


We now present a phase plane analysis of the neutral equation 
[6.42]. This is the equation for which it is practical to carry out 
such an analysis because when ¢ is not zero, we must deal with deriva- 


tive terms in the Lagrangian with an indefinite relative sign. 


4 


a | 


x e b) ae = a 


at notte “Fertyon ssn 


dtod aWw2ns o¢ nezors sd yom evetomete® ofd tad veal e 
Levit teog: $n 


ws Vm 
Stsw 2norsteups leviusn bis bsprers szené ve? enotsyfoe * i: 
of ie 


$.9 bas [.8 esfdes ni bevnezetg 816 2y(ves" ont “Ifso TSUN bs 


ae i) gi 

-109 SF he 4 vot Rofsuloe eesfoban ent tnezeyaes $8 bee i) ¢ 
ey: 
vd Denrsido syew 2norzuloe sfT .+ mt sbon sno ntiw notdulon ae 


anol ensexe Iftofqny25 sk? dz7twe = y mod oo 


c& «bf rue 
S& ores ridod Yt DNS WwW ATtw,...).- Se == ee) er a 
“yy 


(' levsnsp syow esulfevaspte smeosd datite 2TeJansrag seyt a 
-enotitones yvebnued seeded yPehier- be 

‘wortsups lotjuon oft to 2tayleds sasly secitq 8 sAs23%G WOR4 ‘ 
syu0 YTt69 OF [BOltIoBYq 21 3f fotdw 16? notdeupe odd ef BPA 
-svi"sb dgiw [seb Jeum ow o%es ton 2t ¢ Mofw e2eyssed eiextse 


pte avitefey stinitsbnt ma dttw meFons iad one Pe 


20 


We can perform scale and amplitude transformations in [6.42] 


to cast it into the form 


where u = 2 Yn? and 2 Bh = By - 


The critical points of [6.48] are situated at 


F435 Abo, sitiseeAvnst candhf. 3.0 


4 
where 
B, + /8, + 4u 
[6.49] N= 
Z Ou 
because [6.48] can be expressed as 
[6.50] vo = - uf(F-A,)(F-A_) 


The solutions about the critical points are obtained by setting 
f = c + w, where w is small and c is put equal to zero or A,. Inserting 


this form for f into [6.50] and retaining the linear terms in w gives 


a AI = Oa rest 


[6.51] ww = -w[c(c 
+ w(3c% - 2cA_ - 2cA, + A,A_)] . 


When c = 0, 


which has the bounded solutions for large r, 
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so the asymptotically bounded solution is 
Sin Ayr 


[6.53] W = : 


where hy is the square root of the coefficient Of = V. 
As the name suggests, phase plane analysis draws some useful 


notions over from classical mechanics (Finkelstein et al. 1951). We 


set 
KeT+V ey f+ 
where 
3 2 
Li fi OL t. VE 
[6.54] ie ei ae at Wes 


is the "potential" energy function, and K plays the role of the energy 
for a conservative system. 

The critical or equilibrium points follow from a O, and the 
equilibrium curves are obtained when x 0. If we multiply [6.48] by 


f, we have 
fo, 55] —= 


so the orbits in the phase plane must move inwards across the lines of 
constant K. 


When K = QO, 
[6.56] 5 f 


so f must lie in the range f, </f. < fo where fo and f are the greater 


and smaller of 
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respectively. 
The curve for K = 0 must be symmetrical about the f axis in 
the phase plane, but not about the f axis if By #0. The situation is 


plotted in Figure 6.3. 


When K = constant = - A with A > 0, we have 
2 dyer 2 
aes er teen eee 
[6.57] eg eter + 3 f~ + 5 ee 


Applying Descarte's rule of signs shows us that the right hand 
Side of [6.57] has two or no real positive roots. Setting f > - f in 


this equation also gives two variations in sign so there are two or no 


negative real roots. Furthermore, f cannot vanish in [6.57] because this 


2 
would imply a - A, which is impossible. Hence the curves with K < 0 


enclose only one of Ay or A_ , and must lie inside the curve defined by 
K = 0. This situation is depicted in Figure 6.4. 


When K > 0, we have 


fc finale 


[6.58] hp tats wrgrebts, be 4 + A 


r| ES 


so there is one positive real root, and one negative real root with 


B 2 0. These curves lie outside of those with K = 0, and f = 0 allows 


= A, so both A, and A_ can be encompassed by these curves as is shown 
in Figure 6.5. 

From [6.55] we see that any orbit which passes inside one of 
the K = 0 lobes must terminate in that lobe. Also, any initial value of 
f which keeps the orbit outside of the K = 0 lobes forces the orbit to 
terminate at f = 0. These solutions are the exponentially decaying 


eigensolutions for this system. The eigenvalues of f must clearly be 
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greater than fo or less than fl: Note that f = 0 is an unstable critical 
point while A, are both stable. Near r = 0, a power series of the form 


f=) a, r" satisfies [6.48] with a = 0, so we must have 


ent] 
#(0) =:0". 
We thus have an infinite discrete set of eigensolutions asymptotic to 
-V Ont 
zero as =— » and a continuous set asymptotic to A, as sin = :) BoOtn 


types of solutions are finite everywhere, and the rest energy for this 


neutral system is given by the positive definite expression 


at. 23 
[6:59] a = +| CVE eadaxh a 


6.3 Systems with derivative terms in No 


By looking at the power series expansion of » and f for large 
r, we can ascertain whether or not all solutions to the equations have 
the same charge. This must be the case if we hope to construct a theory 
of charged scalar elementary particles. The models presented above do 
not generally exhibit this property, so we now depart from them and con- 
struct some equations which give us fixed charge solutions. 

We can achieve this goal by including derivative terms in Ny 


We consider a Lagrangian density of the form 
2 C 
(6.601 Q = k(f.9) wae oy Aig) + h(f.6)Vo-VF + GCF.) 


where h and k and G are polynomials in f and o, and v is a parameter; 
h is actually the fourth component of a 4-vector Ne Since the covariant 


generalization of [6.60] is 
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We obtain the field equations 
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The only way we can avoid the derivative terms in the right hand side 


of [6.63] with h # 0 is to have 
[6.64] k = ah” = k(f) 


where "a" is a constant. Our equations then become 
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[6.65] eas & ~ ah = 
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If we require a o(f - 42) term in [6.57] and the condition that 
f + 0 as r+, the asymptotic form of f and » are given by 
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with by“ = a. The charge b, is therefore fixed if a. is fixed, 
which leads us to investigate the | coefficients in [6.66]. 
Yr 


From [6.65], 


[6.68] oF +2 - p(fab%) + higher order asymptotic terms odd in 
SO 
0G - 1 0G 1 Z 1 0G) | : ; 
[6.69] BS el BN ee eli ee le(f-¢ ) + —- == (= - v) + higher order asymptotic . 
né oT bechinae h Meet? terms odd in 9 


Now G is a scalar, and integrals involving G, such as the rest 


e eet higher 


mass, are finite only if G ~ 0 (r7"). Hence G ~ Me ee f 
order terms so o. 6°, f ..., + higher order terms. If h = where n 
is a positive integer, [6.69] drops off too fast to contain a 4, contri- 
bution. If h~ f  withma positive integer, then the term of “vould 
force b, to vanish from [6.66], and this term, because of os manner in 
which the odd and even quantities involving » enter in [6.69], can never 
be cancelled by another term. The only possibility we have to fix the 


charge in a system with G given by 
4 2 
Stee Os pee ote 
4 2 
with the boundary condition f +> 0 as r+, is therefore with h = constant, 


which we now consider. We take k = -1 and split G(f,¢) into the even and 


odd powers of 9, E(F 9°) and H(f,¢) respectively, according to the pres- 
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[ 6.70] G=G+hH. 
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is obtained from [6.65]. Equating the odd terms in 9» gives 
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where S contains odd powers in ¢, and Z=.w+h. The even powers 


in > require 
(6073) BELT ils 7, 


Hence [6.66] becomes 


| Cee 2 9G 9H 
[6.74] Vf = ho(f-g") +h S-S-he. 


Differentiating [6.72] with respect to f, [6.73] with respect to 9, 
and adding the results gives | 
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We now consider the simplest equation we can obtain from [6.71], 


namely that when S = 0: 


2 
[6.76] vo = o(f - 6°) . 
y 2 
Charged solutions require @ ~ > and vee ao and we keep all 
ie 
odd terms in H which drop off as ru Hence, 
[6.77] Mich dudratab ide tuceeheet det twhichi hints ds tanto 


+ ag) + nfo? + mFcgo e stor + tee + Ag!) + Beer 


+ DF%o! + Ef? + RETO? + PFO. 


61 


rre > 
opt a 
i. 
| 
4) 
~€ 
7 4 


~ 


eé OF tages adiw fev .aT 7a teq2o7 ehtw 88.81 


enswog fave air OM “ez So 


6 Gaon Sw DIS = - 7 WG — - @ SIFGpsy enotenige 


yt's ae 


wale 
oe 


a) . Wnt 


- 


Ba Bae a Cea ee 


oy 
i] 
7 
a, 
; 


age 


+ 


[T- - 


sono =.” Y 26 Te -gowk ote i aie aaeg 


. i +. A. Pa 
e in 7yY 4 a 7. + oTtp + ts i a +d j an & =H ba) 


62 


Inserting [6.77] into [6.75] gives the conditions 
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with all other coefficients except b and c equal to zero. Equation 


[6.74] becomes 
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after dropping the twiddle on f, ¢, and r for the sake of simplicity. 
Here, c = & and b = -1 for charged solutions; "a", h, and d are 
parameters. Equation [6.76] retains the same form under [6.80]. The 
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[6.76] can be more easily studied by letting f + o be a new variable. 


From [6.78] the relation 


[6.33] Sone sche 2 tes ee 


can only be satisfied provided v = 0. Consequently the pure electro- 
magnetic contribution to the Lagrangian [6.60] disappears. Thus even 


though we can show that the rest mass is given by 


3 


[6.84] m= ge | ak (ve)? 


which is positive definite, such a Lagrangian would have to be rejected 
(this object would not be able to radiate electromagnetic energy). 
Hence, we continue our search for a better model which contains fixed 


charge solutions. If we put h = 0 in [6.61], we have 


Ze eG 
) 


[6.85] Vf + ae 


where k = K(f). |b oaa eaee ah then a a term in te can occur only 
when n = 1. However, it is easy to verify that the corresponding 4 
contribution to the left hand side of [6.85] vanishes, and we Srtn 
fix the charge. Furthermore, [6.60] shows that L diverges if k ~ f" 
with n > 1, and [6.85] does not allow n = 1 to lead to a fixed charge 
either. The only other possible form for k is when it is a constant 
but this case has already been investigated in the first two models 
we discussed. 

One final alternative approach to construct equations with a 


fixed charge from [6.60] with f > 0 as r+ is to introduce singular 


terms into | G(f.o)d>x. For example, consider the Lagrangian density 
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Sey e |(Vf 
[6.86] A = Log 5 [OO tet -$ (SF) + (tye ah 
where € = + 1. We must have 
eal 
[6.87] ao=— 
OY, 
fe 
where a, 1s again defined by f = ZH tees in order to obtain a finite 
r 


rest energy M= - L. 


The field equations obtained from [6.86] are 


[6.88] V6 = olf -97) + 26° 
and 

| : radar an 
[6.89] yae te = - nf? a ete OY A 


df 2 
From [6.88] we need Da = Ay» as before, and the | term in 
Yr 
[6.89] is consistent with [6.87]. Hence the charge is fixed for a given 
value of gq. 


2 d 
Wvehe NG) a= i » we introduce the scale and amplitude 


transformations, 
[6.90] fe=!sSF(sr)ys.o S0d(str) 


and calculate a = 0 to obtain the integral relation 
s=] 
cenit bolded aa Tt aa Hila een ac alae hi: 
[6.91] o= | ak [- $1 = + Qofe - 48 -H+ E56] 
25 


which allows the rest mass to be obtained from 


4 6 
[6.92] Hage | ax + yea S| . 


An exact charged solution to [6.88] and [6.89] is given by 


"This choice ensures that the e« term in the Lagrangian gives a finite 
contribution. 
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f=o° and 


[6.93] > = 


with - 3a° = tb,", ab,° = 1, 8° = eb, "(2y - 1). The corresponding 


rest mass is 


[6.94] M. = —— (l6a 


which is positive for a’ > 5 


With @ = 0, an exact neutral solution was found to be 
[6.95] | f = Se Te 


Pee a Ages pce 


il 
Qa 
so e€ must be + 1 if y > 0, which is necessary for My to be > 0. 

Another charged solution was found numerically for e« = + 1 with 
the property that f > 0 as r > 0 in such a way that (Vf) vanished at 
the origin. No other solutions with charge in addition to the ones 
mentioned here were obtained. 

However, this model has the drawback that it describes a system 
with infinite static we aes This is evident from [6.86] by 
calculating 


[6.96] T* = | dPx| (06)? & (vr)? WAeOREEMN(T\L ran = 2h 4 5 1°. 
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Such an unstable static system seems physically unrealistic, so 


we have given little weight to this type of construction. 
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6.4 The boundary condition f > constant as r >. 


All of the systems we have discussed so far had the property that 
f vanished at spatial infinity. This condition is now relaxed, and 
. we will see that having f going to a constant as r > ~ leads to the 


most fruitful equations of any we have constructed. 


We set 
[6.16] f = Aco) = We ‘7 Ao) 3 (0) + (0) : gi aleor g(r) 


where the length scale A is taken to be 


2 21\735 
A ae 
and g(r) vanishes as r > ~; € = + 1 since the relative sign of 
Aro)” ~ $10} is indeterminate. We must remember that i has been 
removed from the field equations to obtain a dimensionless system, so 
in what follows, 
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Our previous models dealt with terms in Ay which dropped off 
faster than te quantity $(f - 62) as r +o, Now, any higher order terms 
in f will have a nonzero contribution at spatial infinity, so there is 
no a priori reason why we should not include quantities in Ay of the 
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which, from [6.28], gives the field equations 


[6.98] V°s = o[R + (TH)f + AfS + BFS] + g[S-1 + CF + DFC] 
and 

2 é ne Wee 
[6.99] vr = -S [T+ 1+ 2af + 3Bf*] - S-(c + 20f) 


6) a 5 
tag - ag® eS ie OA aes otar 


It should be pointed out that for S <1 and T > - 1, we can 


make the scale and amplitude transformations 


1 
€ 


MOU TIES 2 af = USTs eee ce eles) 


and deal with equations in which S and T are removed. We do not wish 
to do this because a system with S > 1 can be constructed with a 
positive definite rest mass. 


Inserting the power series 


a 8) 
[6.101] Sd = 
n=] r 
and 
[6.102] eee teers 
n=l r 


into [6.98] and [6.99] allows us to investigate the charge b,- The 


@ equation gives 


[6.103] O=T, c+R+A+ Be 
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where 
[6.106] 1; eo ks en ee Ty =S$-=-' 1. 
From [6.99] we have 
[6.107] aa, = 0 
j 2 
B 2 
[6.108] 0= oe (T, + 2Ac + 3B) + Bay + a a, 
[6.109] O=b 2A + 3Be)a. + 2a. d.p + Gas + ya 3 
1 1 ie a igo 
+ b,b,(T, +*2Ae'+ 3B) 
[6.110] -2a, = (2b.b, + b 2) led, Ae + ony 
2 Vig e a ogie 5 2 
+ 2b, b,a, (A + 3Be) + ta 
b.* | 
2 3B 2 ] 
+ b, [(a + 3Be a, 1 can ay | + 7.0m Coit 20e } 
2 2 4 
+ B(2a, a, + ao) + 3yay"ay + oa, , 
Suppose ay # 0. Then we must have 
oad dy a= 0, 1, + 2Ac + 3B = 0, 8B = 0 
SO 
2 UR eb 
ret! b)° Bago Z 0 oT 


which shows that the charge is arbitrary. 


Kf a, = 0 and a # O, we obtain the relations, 
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and from [6.98] we have 


[6.114] 2b, = b, a,(T, + 2Ahe, + 3B) + b, a,(T, ache. + Sb) 
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MF 3b, bp (T. tel apy. 


fp b, # 0, we can obtain another relation between b, and ao 
However, it is easy to check from [6.113] and [6.114]that this leads 
to a contradiction, and we cannot obtain a fixed charge with a # 0. 


Our goal can be achieved with a = a, = 0. This gives 
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which forces by to vanish and requires 
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[6.118] A= - x (3B a Ty); R=e 5 


There are two ways we can arrive at a fixed charge, depending 


on whether or not a vanishes. 
Suppose a. # 0. Then, from [6.99], 
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6 = - b, (A + 3Be) - 2a, ; 
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which, from [6.118], is equivalent to 
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from which we can fix the charge. 


We looked at the case when w = o = R= T = S = 0 which, from 


[6.118], means A = - 2e, B = 1, and the equations become 
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An exact solution to these equations was found to be given by 
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Other numerical solutions were found with o and g having no nodes. The 
results are presented in Tables6s30 


With » = 0, a neutral solution of 
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[6.130] 2 = See A 8a Voie : 
The corresponding rest mass has the value 
net 3 ads m{B8,| v2 
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3 sf 


If we allow the parameter a to vanish only for these charged 
and neutral systems, we can recover an equation analogous to [6.42] 
which has the discrete set of solutions asymptotic to the Yukawa form, 


and a non-degenerate mass spectrum which is positive definite: 


2 3 


: 2 
[6.132] yb irae Dacca: Soh Fe 


The exact solutions [6.123] and [6.124] must have az = 0f%so0 


they do not have the same "symmetry" as the numerical solutions presented 


71 


-onT .2ebom on pnived @ bas > Atiw 


sufsv sad esd eeem d29% BF 


a og ee ee 
are (ev)x"b | Ser ri 


bspists seeti yo? ylno dernsy of o *sdomersq ont Worle Se” 


7 


7 
(St.d) oF 2uopolsns moltsups os yeveooy nso Sw -amegaye I 


Mot swetuY sit ot attotqmyes enottuioe To Joe stetseth Sah aaeae 
-otintteb evitizoq 2f Aotiw mryioeqe c2em of— 
fs. 7 
. “ey = "ea ~ os = oF 
oz .0 = ,6 svert Jeum (AS1.8] bas [€S1.@) enottuloe 3988 SAT 


badnszag enottufoz fsatremm aft 26 "yrtommya" omse oft event 
fie 


in Table 6.3. It is possible, however, to fix the charge with az = 0. 


We arrive at the relation 
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from [6.117] by setting 
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C= -2De . 
fee =.0,-then, 16.133] forces ay to vanish. The field equations now 
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[6.136] D = Ty ; 


An exact solution of the form [6.123] with [6.124] when o = w= 


was found. The parameters satisfy the relations 
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The rest mass for this solution vanishes, which is evident from [6.126] 


and [6.137]. One numerical solution with no nodes in and g was found 


72 


oe 


0 * date tenis ont es ee 


Ls 


® - > 1 Z 
re - A hors 
, i i 


(38 tans | 
4 iP 


7 - 
— * 1 A ¥ 
7 7 < 
ae 
‘ ay 
Lid 


won enottsyes bist? aril zitnév OF .& 2e340T (E€1,0). sit ,¢ 
& Lae a 
: = . 
va 14 r 4 
Sat sar 
. c Dah 
han + ope 4 —pes =~ * oy 
2 wy A 
rr 
g G )$ir wee 
e 4 - - —po7 “i” pat - ==) ae = 
. } oa Ss 
ia 
1s + = 2 
el = @ = 
‘ye w [AS tiw [ES1.3] mo? eft to nofdulo: Séexe AA 


_ 
enotsaley etd ytetise etstemsyeo eal VERE 


¢ 5 e 
“AS = ~ .° se 
2 : 
ne 4 | 


<i e 


[aSf.d] movt tnebive 27 dotdw <2odetasy notivloz etd? 0% 


brvo?- 2aw @ brs @ ni eabon on dstw nottufoe fsatremun ond if 
‘ i 7 
wi 


with B= 1, D=-1, and o = w= 0. The result is shown in Table 6.4 


along with the corresponding parameters for the exact solution. 


6.5 Charged systems with a positive definite mass spectrum. 


All of the charged systems considered thus far allowed both 


positive and negative values for the rest mass. We now construct two 


expressions for the rest energy corresponding to equations [6.134] and 


[6.135] which can be made positive definite. 


From the integral relations 
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the rest mass can be expressed as 
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We take the linear combination 


] 5 Cc 0G oG 
Faery | Pxi2ng + $ (og H+ 9 381 


to construct 


De) 
ine) 


2.3 
Leer 3 
[6.144] Nes aacrcr | d°x f =" (4c+6p) + B id. (5c+6p) 


4 
+B gta? (c#p) + YL (3p + 2c) 
recnig  (CORNESC EE a(n 470) 

bites p a p : 


We can set 5c = -6p and obtain the result 
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If we set D = 1 and w = o = Q, then, 
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A thorough numerical study of these equations for values of y and B over 


a wide range (including B and y both zero or vanishing separately) did not 
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reveal any solutions. 

It is apparent that the sign of D in [6.134] plays an important 
role concerning the existence of solutions and the nature of M3 
solutions do exist when D is negative, but this does not guarantee that 
the corresponding rest mass is positive. We can avoid this predicament 
by demanding that D = 0. 


The next set of equations we consider are thus 


[6.149] 6 ie 269° y Bog” 
and 
[6.150] | vg = 96°(2 - a) - 9° - og! 


where we have set b, = ] for convenience. An expression of the form 


2 2 


[6.151] o = Ad 
(r? A a“) 
with 
re 
[6.152 Gis on ap. 
Gives od 


Satisfies these equations provided 


[6.153] g = Bt = ae, y= 0,820. 


Incidentally, [6.151] and [6.152] force D and w to vanish. The rest 
mass for this solution is 


Beans 
[6.154] Mo 3g | 
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We now show that B must always vanish; otherwise, we will have 
a continuous set of nodeless solutions which contradicts the requirements 


of having a discrete set. We put 


[6.155] Ses Ao 


into [6.149] and [6.150] , which uncouples these equations to give 


2 
[6.156] ge) = hate 2 z SB 9 Yo hia 9) a 


We then use [6.156] to calculate vo and equate that result to the 


right hand side of [6.149] to obtain the expression 


[6.157] r“o¢ 2 + (3N #2), 9° 4 Ao (B + ap)? 2 afr Png? FP6t+1) 


where 
29. 338 = o 
[6.158] Nee 2 ar. 3 and P=B+ 5 
When he is infinitesimally small and o bounded, we have 
Br 
(ae Ce eZ 
PaQie Sal: Sear D + OA") 
so that 
[6.159] oe 3 —— 
2 c 
ay, 


which shows that a continuum of o's must exist unless” B= 0. With 


B= 0, ¢ is finite at the origin if o # O and it approaches 1 as reo. 


3A Similar calculation with all of the parameters in [6.134] and [6.135] 
included requires only that B = 0. 
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We are therefore obliged to study the equations 


[6.160] Vo = - 29° 
~ and 
[6.161] ou= gee = ydele oo: 


With y = 0, no solutions in addition to [6.151] with [6.152] could be 
found. However, with y < 0, we have a positive definite rest mass, 


4 


[6. 162] Mo = x | dx(2g%o* - 1) 


which follows from [6.145], and the numerical solutions presented in 
Table 6.5, were obtained. We have the unusual result that the energies 
decrease as the number of nodes in ¢ increases. The function g has no 


nodes for any of the o's. The results are plotted in Figures 6.6 to 


os Be 
We also studied the equations 
[6. 160] vo = - 29°% 
and 
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which has the corresponding rest mass 
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Although these equations have the undesirable property that both g 
and -g are solutions with the same » (leading to a mass degeneracy), 
numerical solutions were obtained with the energies increasing as the 
number of nodes in » increases. The ground state is therefore more easily 
defined than that of the preceding model. The results are presented 

in Table 6.6 with Figures 6.12 to 6.15 depicting the solutions with one 
and two nodes in 9; g is nodeless in all cases. 

The obvious system to study now is that with both of the g” 


and g° terms included in the g equation, i.e. 


[6.165] Taguen2gen Lhyguetqagnessugh 
with 
[6.160] abe euecoee 


The numerical solutions presented in Table 6.7 were obtained. As x 
pected, g is nodeless for all of the o's. Note that Mo increases and 
then decreases as the number of nodes in $ increases. 

By adding even higher order terms in g to the g equation in an 
appropriate manner, we can always obtain a positive definite rest mass 


with no g > - g symmetry. For example, consider 


[6.166] vg = 296° - yg? - og) - wg? - Zug? - gus 
with 
[6.160] ob =0-29° 


The rest energy is 
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which is guaranteed to be positive definite for y < 0. 
It is interesting to note that spherically symmetric charged 


particles corresponding to a Lagrangian density 
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that are far apart and instantaneously at rest (Rosen and Rosenstock 
1952) interact according to the Coulomb force (Schiff 1962) plus some 
higher order corrections. The Coulomb contribution is calculated in 
Appendix 4. 

Finally, we comment on the uniqueness of the asymptotic expansions 
which we have used to obtain fixed charge solutions. In all of the models 


constructed above we employed the series 


eh: 
[6.169] o=—t+-— >t... 
r re 
and 
a a 
[6.170] ge $+ St 
la Yr 
Other possible expansions we could write down are 
-c Yr 
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However, when we put these expressions into [6.98] and [6.99] we find 
that Car 0 and do is arbitrary. We cannot therefore fix the charge 


with such expansions of @ and g. 
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It is possible to construct other types of power series 


which may or may not lead to fixed charges. 


more study to answer correctly. 


This point requires 
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CHAPTER 7 


DISCUSSION 


We have shown that it is possible to obtain a set of equations 
from [6.14] and [6.15] such that all charged solutions had the same 
charge, a non-degenerate positive definite rest mass, and were finite 
everywhere. Numerical integration of these equations indicated that the 
solutions form a discrete set characterized by the number of nodes in 9. 
Two free parameters which become eigenvalues were required to obtain these 
solutions. 

Furthermore, it was possible to obtain a discrete set of neutral 
solutions with a non-degenerate rest mass which were asymptotic to the 
Yukawa form, by taking o to vanish everywhere and allowing the parameter 
-& in [6.97] to vanish only for charged solutions. There were also "long 
range’ neutral particles given by [6.129], the physical significance of 
which (if any) is not understood, by allowing om to vanish but not B, | 
and ae 

Although these equations were obtained by requiring f > constant 
as r + ~, we could replace g in these equations by f with the boundary 
condition f > 0 as r + ~ and deal with essentially the same system. In 
either case, the important physical properties were a consequence of 
allowing A to contain terms proportional to of and e?: in fact with 


=n 
AY = Li 
1 = ~ o(f - 6) + higher order terms. 


We also saw that including derivatives in A» helped us to obtain 
fixed charge solutions but complicated the situation regarding stability 


and rest masses. . 
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To summarize then, we have shown that it is possible to 
devise a vector-scalar system which has the desired behavior to represent 
discrete bosons with fixed charge and positive mass. If we adopt a 
unitary philosophy it is possible to conceive of the vector and scalar 
fields as having a common origin - a conformally invariant 4-vector. 
However, the transition from the latter requires a heuristic statement 
regarding the functional properties of various averaged quantities. 

The great complexity of the system is such that we have not been able 

to establish the validity of the expansions used. Presumably a concrete 
model for the fluctuations themselves would lead to a better understanding 
of the possibilities of our approach. 

The essential problem we faced was in determining a satisfactory 
expression for the non-derivative terms in the Lagrangian. To a large 
extent our approach was an ad hoc one. Needless to say that if a finite 
classical field theory can be shown to provide a satisfactory pre-quantum 
model for particles, the form of the Lagrangian would have to exhibit 
Special properties particularly with regard to some yet to be defined 
Symmetry operations. This is clearly crucial to any acceptable theory 


and could represent the point of departure for further investigation. 
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Numerical Integration of [6.38] and [6.39]. 
(o,f) 6B VY We 
(0,1) 7.50282 0.023265 -0.457609 -0.04898]1 
(0,2) 0.924144 156.899 8.4399] 0.045280 
(liyh). 42-039T0 1.88183 7.14245 0.330544 
(\32y7 2e04277 TOecoes 6.44739 -0.406639 
Numerical Integration of [6.40] and [6.41]. 
(o,f) By Yn dy My 
(O14 -Sc61eS0 0s 0.742758 -0.012786 
(O51). 3262390~.10.2 1.15088 -0.010141 
(134s -P2eros3 05 0.209529 129.834 
(1,2) 3.14663 1.93155 0 ee 
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Table 6.3 Numerical Integration of [6.121] and [6.122] with e=-1. 


b, B Y D a, a. a 
<0 ty 0.655989 5 -25 953.3936 0.700409 
5 is 2.243058 5 -25 -75.9834 -0. 261806 


Table 6.4 Numerical Integration of [6.134] and [6.135] with w = o = 0. 


2 0 2.21364 ~| ] 1.80625 -0.266970 
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Table 6.5 


Nodes in 


Table 6.6 


Nodes in 


Table 6.7 


Nodes in 


Numerical 
(,9) 
(1,0) 

(2,0) -0. 
(3,0)  -0. 
Numerical 

($59) 

(1,0) QO. 

(2,0) 0. 

(3,0) 0. 

(4,0) 0. 
Numerical 

($09) 

(1,0) 0. 

(250) -0. 

(1,0) 0. 


(3,0) -0. 


Integration 

Y Oo 

0 ] 
109856 ] 
097999 1 
Integration 
Y W 
278677 ] 
0592413] 
0179429 =] 
00633783 1 
Integration 

Y fo) 
114634 ] 
0550019 =| 
678249 ] 
0679895 1 


of [6.160] and [6. 
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2 
7.03125 0. 
34.0377 0. 
120.252 0. 


of [6.160] and [6. 


2 
8.02775 0. 
32/8343 - 0 
108.894 0 
328.409 
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APPENDIX 1: Derivation of the Generators for the S.C. Group 


The calculation is similar to that presented by Rosen (1972) 
but is presented here for the sake of completeness. 


Consider the infinitesimal transformations 
[3.6] xe yh gy (yy) 


where 6x" (x) is an infinitesimal differentiable function of x°. 


From [3.4] we can write 


es ,,9%, + 9 9X, = SAN, 


where 


6A = 1/2 3. 6x" 
u 


is obtained by contracting yp and X. Equation [Al.1] is differentiated 


with respect to x’ to give 

[Al.2] 3 9,,9X, “ 9,9. 5%,, = 3, (6A)n,.,, ; 
and v and A are interchanged to obtain 

[Al.3] Be + 97%, = 8,,(5A)n, 
Subtracting [Al.2] and [Al.3] yields 


[Al .4] 949.8%, - 3, 9,,5%, = 9, (6A)n,,, - a(5A)n. : 
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which is differentiated with respect to x? to get 
[Al .5] 949, (8, x, - 0, 6X, ) = 3,9, (SA)n,,, ~ 9,8,,(6A)n 
Using the symmetry in u and pe gives the integrability conditions 
[Al .6] 349) (6A)n..) - 3,9, (6A)n. - 3,9, (6A)n,,, + 3,9), (6A)n = 0. 
Multiplying [Al.6] by ne and contracting a and v gives 
oO, cd 
[Al.7] 2 3,9) (9A) +9 3,,(6A)n = 0", 
from which we also have 


[A1.8] 33 (6A) = 0 
so it follows that 6A is a linear function of x”: 


[Al.9] 6A = 488 x + 268 
Inserting [Al.9] into [Al.4] gives 


[A1.10] ay OX) - rs = SENN) - 468 ny 4 
and integrating [Al.10] with respect to dx! yields 


[Al.11] 3, (6x, ) - 8, (6x, ) 3 458, x,, - 458 x, “ 260, 
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where ba. = - Sat, are six constants of integration. 


From [Al.1] and [Al.9] , we have 
os QO 
[Al.12] 8, 8X Ted OX) US Ny (468,X + 468) 
which, when added to [Al.11], means 
; i O 

Ge 3, (6x,,) = 2[n,. 68x + 68x, - 68 x,] + 68n,,, + 60, : 

Integrating [Al.13] with respect to x) gives 

= a Not a 

[Al.14] 6X, = 2 [n,,,68 Xo uh 68, x, ]dx 58. x xy 


+ 68x + da x@ + 6a 
v vo v 


2 Riper xe - 6B XOX, + OBX, + 6a, x + 6a, 


if 


or} or} 
Ze XOC x? FOC X ae OO Xe OU exe SEO 
erie) va wy) VO, Vv 


where 6a are four more integration constants and we have set 

éc,, a 68, to bring [Al.14] into the usual notation. The parameters 
6a, and oan describe the translations and homogeneous Lorentz 
transformations of the Poincaré group; 68 corresponds to the dilations 
and 6c are the four special conformal parameters. It is now clear 


how to write the generators for the S.C. group. 
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APPENDIX 2: Calculation of the Charge Under a General S.C. Point 


Transformation. 


The S.C. point transformations written in spherical coordinates 


are 
4S 1N,.0.8 COSeces = cys ~ t'%) 
[A2.1] r sin 6 cos a = ha ais ie ae 
Ve sin: 6Ji/Sin ok sc (rt? - t'4) 
[A2. 2] r sin 6 sina 3 eee ggasi 
'4.COS 0 Fe lu - £4) 
[A2.3] r cos 0 = i 
Oo 
i} ne re 
[A2. 4] ee ie eee 
Oo 
where o' = 1 - 2 cr' cos y - 2kt' + (c*-k 2 )(r' 2412). cH = (¢,-k), 


and y is the angle between ¢ and r'. We denote the electric field 


obtained through the point transformation as E'. The charge Q is then 
Regs Sar te see an Rae spe F retpwre 
[A2.5] Q= 2 | d°x'V'-E ay fe ndS Tih fas Er 


Since S is the surface over the sphere with normal n in the radial direction. 
Here, r' and t' denote the new space-time points obtained from ¥,t in the 
same coordinate system. We place a charge at some non-zero point in Space 
r = ie at some time t, perform the point transformations [A2.1] to [A2.4], 
and calculate Q from [A2.5]. 

From the transformed fields 


: aN 08 ele} ot 
[A2.6] An A. Sed ios ra sae ead Ones 
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From equations [A2.1] to [A2.4], we see that r and t tend to 
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some combination of 4k as r' + so that the asymptotic form of 


E. is determined by the derivatives of r,6,a,t with respect to r' 


anaguds 
We write 
a a 
[A2.9] Onts r*(a, to4 ay ) 
r' 
where 
2 WEL bic we ' 2 
a, = =2C7C0S: y3 ay =C -k", ag = 1 - 2kt' -t ay 
Since 


12 Ve Ws It a az anya 
[A2. 10] Oe ak dl Lome aoe t soph br teal east a ) 


on 


| 


106 


rvob- ott yd Delta 


107 


where 


F = c, cos 9' + sin e'(c, cos a’ + cy sin a') 


we can show that for large r', 


[A2.11] r - = S, i _ 9¢3 COS _Y Mor) 
r [a5 coe 
and 
or 2 ek 23 
[A2.12] r at! = eons z uy O(r' ) 
r a 
2 
[A2.13] Be, He BS COSY 4 Q(p!73) 
a r' 
Z 
2 2 
a aE ee a “ + O(r'7) 
r'- a 
2 
providing a, # 0. Because 
2 cf an 
tA... 05] sec 0 rey mn O(r! ) 
(03 : 
Z 


with C, #0, it follows that 


[A2. 16] =, > O(r 
and 


PAZ 7) oa > O(r'~2) dt. least. 


Live ="0., 
[A2.18] BE, ae 
3 / 2 2 
G Cc + ¢ 
Xx y 
y r 
CG + C 
Xx y 
lef, Ce Ac ee Bee la 0, then 6 = 6' anda=a 
Sep Epc, Soonges cdulety, 
st ru.. ot “or 
For the angle a, we have the expression 
: i : ] t ) i2 i 
Sine SIN Clb mat 
[A2.20] tan a = 
r' sin-@' cos a’ = a aly a) 
it: Cy # Oy 
ce} .-3 
[A2.21] > O(r'%) 
JO ,-2 
[A2.22] Fels O(r ) 
lf tGes= 03 
[A2.23] Cage cium oGNGn en COSONN o(r'=4) 
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TA2. 24] ee oe etl eee (1+ o(r'7!)) . 
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Cy 


cacy oe ae then a=a'. 
~From sAZ2.1) to [A224]... we see that all’ functions of 9'.,a°,. “y 

are multiplied by r', so in our asymptotic expansions of the derivatives 

as given abaves no functions of the angles can appear in the denominators. 

Furthermore, integration over the angles does not change the r' dependence 


in E. We therefore see that 


lim rt? | E! dar> 0 

= r 

if ao FeO. Lf ao = 0, then [A2.10] shows that r>~ if r' +. We 
want r to be situated at a finite point in space after the charge is 
accelerated so we must have c2 ?# Ke. We anes require ie # 0 because | 
r' must vanish with kt F l and ¢ = 0 if r is zero. We wish to have the 
freedom to put ¢ = 0, so we ensure that r' will not vanish by demanding 


ret 0). 


We have therefore shown that applying a general S.C. point 
transformation to a charge, situated at a point mn # 0 in space at 


a time t # ce results in a configuration with zero total charge. 
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APPENDIX 3: Solution of the Homogeneous Equation [5.32]. 


If we put the power series expansions of No dDOUG@ g=="05 15 
and ~ into [5.32], we see that these points are regular singularities. 
A solution of the form 
ntc, 


[A3.1] F =i.) sat (q-q.) 
nzo : 


with de 1 therefore exists provided the roots Cy and Co of the 


indicial equation (called the exponents at the singular point q,) 
[A3.2] bmg coea (Paso cnt OM =10 
? 9) 0) 


are such that the Re Cy > Re Co (Rainville 1964). The Laurent expansion 


of P and Q about qo defines BR and Q5: 
is a Wiel 
[A3. 3] te Ges 


[A3.4] Q Q,(a-4,)""4 


il 
Le eet 


At q = 0, Cc) = 1 and Co = -3; atq= + fe c, = 5 (l + /T3) and 


(1 - vT3). 


A complete examination of [5.32] is feasible if we have a closed 


rho|— 


ee 


form for Np» SO we now employ [4.16]. Setting x = q? and inserting [4.16] 


into [5.32] gives 


[A3.5] righ Ter = 0 
x(x-1)¢(143x)2 2x(1+3x) 
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where the prime denotes - This equation has regular singularities 
atexae (Usa ls.c= . and , and is therefore of the Fuchsian type. A well 
known theorm for Fuchsian equations with singular points at x = X12 Xos 
X25 and « allows [A3.5] to be written in the form 


1-04, -a 1-a,, - a 1-a,,- a4 
[A3.6] Pires 1] 21 ip WZ 22 ie 13 Vas) FI 
NX: X = Xy X - X3 


ate Poi mictiee oe Po3% 
(x-x,)° (x-x5)° (x-x,4)° 


Piieee mac 2 lea zaee mages (fs alia zane! lr ; 
3 


X-X) (X-X, (X=X] ) (X-Xp) (X-X ) 


where Qik and Qo, are the exponents at x = Xp 3 75 and Qo, are those at 


X = 05 Cy is a constant equal to -12 here, and is the coefficient of the 


ai factor when Q(x) is broken into partial fractions. The exponents 
| 


at the singular points of [A3.5] are the following: 


- ki et a 
LAS. /] xy = 0 Xo = ] X3 ian 
0 5 (14773) =] 0 
8 ] ] 
= AAG) 4 -4 


It is convenient to represent [A3.6] in terms of the Riemann P 


symbol | 


‘This is not a unique representation if more than three regular 
Singularities are present. 
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[A3.8] F = Pp Xo x 


We can remove the poles of order two in [A3.6] by using 


transformations of the form 


0} 
[A3.9] F = (x-X5) Ve, 
Hence, the transformation 

0} Q 
[A3. 10] F = (X=X5) 12 (x-x9) 13 V 


allows v to be determined from an equation of the symbolic form 


[A3.11] y =P xy Xo X3 00 
0 0 0 by of Oy a FO 3 
Ore ee ome) Barend oe 1a alee 


which, from JA3.10], [A3.5], and [A3.6], represents the equation 


2X X-] call 


bit. 2 i Viloiepilamin eS (SeV19) v2: 
1 
3 


[A3.12] v" + [=> + eee ; 
2x(x-1) (x+y) 4(x-1) (xty 


We can now identify [A3.12] with the Heun equation 


[A3.13] x(x-1) (xtg)v" + [-xtate-+1-gS) }t+ay + x (ar@+1)] v' 


+ aB(x-k) v = 0 
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where the exponents at 0, 1, - i and ~ are, respectively, (0,1-y), 
(0,1-5), (0,l-e), and (a,8); k is a parameter which is fixed for a 
given equation. The relation 

Meta telac= syed) Oures 
holds from Fuch's theorm. The Heun equation is a generalization of 
the hypergeometric equation; the former involves four regular singu- 
larities while the latter is characterized uniquely by three. A solution 


to [A3.13] is denoted by 
GP RIE De Level 
[A3.14] VraN le cas Kates (Gedy ea ese I) ee 


and converges absolutely for |x| < ;3 v has the following form 


(Murphy 1960): 


[A3.15] v(a,ksa,8,y,6:X) = 1 + aB(y,z + Yor +...) 
Se eee 
where a= - 32 2 = 5 and 
[A3. 16] Nemamortk oy LM! yar) cesta) 1 as 
5(k) =k, 
65 (k) = opk® +[{ltatB-6 + alytd)Jk - ay , 
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a a See Se oe 


Pa a | 
‘ i 2 are 
7 * an. : \ 
ehy-O) 1 me dona : 
“p40? KP OPENS 


y= 


‘ 
r. z : ws 
Fo MORISSET etsnsy 5 Be aottevee - 


‘* J 


-upnte Tsiyesy 10) 2o¥ ivi teeae ite 


: as ; 5 4 : 
notsyhoe A sod) Ve ye isupre DSsrieeaegena eee 


: & eae 


“~¢ _ 
' ; et . : nh 1d. ¥. pid eve . 


There has not been a great deal of work on the Heun equation, 
so it is of little value in obtaining closed form or numerical 


solutions to [A3.5]. 
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APPENDIX 4: Asymptotic Static Interaction Between Charged Particles 


We now demonstrate that two similar spherically symmetric 
particles which are far apart and instantaneously at rest interact 
according to the Coulomb force. 

Suppose that at a certain moment charges q) and qp are located 
on re Zz axis with a large separation R. The force between the particles 
is 
[A4.1] F = - f 133 dS 


S 
where S is a two dimensional surface which encloses one of the particles, 


and has the geometry of a plane (normal to the z axis) located at a 
distance z from particle 1 (closed with an infinite hemisphere which 
gives no contribution to F,). T3. is the zz component of the symmetrized 


stress tensor and is given by 


2 2 
(Ad. 2] ey oe eee ee 


Since we are interested only in the leading contributions to 133. 
Higher order corrections are difficult to calculate. We must specify 
the total field on S because both particles will contribute. 


We take each particle to satisfy 


[A4. 3] vo == 0 
and 

[A4.4] g=0. 
Hence, 
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94 
[A4.5] i) pire ae 


is the total potential, and T 33 becomes 


[A4.6): T54°2 - cee ate + oe ae [-2°-2k - ee if 
38 4m |o.4 a: (Ro+r2-22R)> Z 2 


9799 27° | aR “5 

zt 1 - + OG )) 

ses Os 
r(Ro+r -22R)9/ 4 “pe ye 

With the help of cylindrical coordinates o, and 6 we find that 


the ac terms integrate to zero, as do the do terms. The problem then 


simplifies to integrations over the 9195 contributions which give 


[A4.7] F3 = - | dST 4 
S 
q,4q B) 
= ] 2 fe O(R 3) 
R 


Here, q) and qo are equivalent to + b, . 
Charged particles therefore interact according to the Coulomb 
law plus some higher order corrections. The structure of G is unim- 


portant until these corrections are calculated. 


ow 


“ 


sat bros faotbatiys: to 
isd ye ads. bh Bs Yonge ad ateiget 


atobdudis Mee eat op age ata 


twa seis TRS Sa 


yen 


9 sapht ‘sate Renee 


eu 
as ras 


Aled ae 
ECan 


r i et Wy oe H 
Leesa Meu 
a oe nef 4 ren om « 


7 M 
: f 
» 
é aan | i 
9 
‘ r ita) 
‘ ~ 
,, 
z ' 
4 
+> +4 
’ iV 
° 
W 
i 
. 
. “oy 
7 
4 
= 
04 
i 
r 
‘ 
1 
- i 
D 
14 
j F i nt rte 
i i ‘ ’ a i é 
S = 
ee Ty : 
if t ) 
4 bof 
1 ' 
5 ws 4 
i] Li ‘ 
‘ 7 
v 7 
ae 
st iy t 
: 44 
i 4 
1 2 | 
A y . 
i 


ne iy) ene 
ne Lan 


ee Dist hued a | one: 


i. 


rid ro : 


7 : 
SS " 48 


